Abstract. We prove the Nonvanishing Theorem for threefolds over an algebraically closed field k of characteristic p > 5.
Introduction
Starting from [HX15] , the minimal model program for threefolds in positive characteristic p > 5 has moved forward quickly. Running a minimal model program in this setting is established by [HX15, CTX15, Bir16, BW17, HNT17] in increasing generalities. The aim of this paper is to attack the abundance conjecture for minimal threefolds over characteristic p > 5. Previously, this result was known for X of general type [Bir16, Xu15] or satisfying dim Pic 0 (X) > 0 [DW16, Zha16, Zha17] . The main result in this paper is the following nonvanishing theorem. Theorem 1.1 (Non-vanishing theorem). Let X be a terminal projective minimal threefold over an algebraically closed field k of characteristic p > 5. Then κ(X, K X ) ≥ 0, that is, nonvanishing holds for X.
Let us recall the proof of this theorem in characteristic zero which is the main theorem in [Miy88] (see also [Kol92, Section 9] ). It has a different flavour from the proof of the results for running the minimal model program, namely, it involves more investigation of higher rank bundles (e.g. the tangent bundle), as opposed to focusing on line bundles (e.g. the canonical bundle). Two of the main tools used in the proof are the pseudo-effectivity of c 2 and Donaldson's theorem on stable bundles on smooth complex projective surfaces. As well known, these results usually do not hold in in positive characteristics. Luckily, the general understanding of the stability of sheaves in positive characteristics has provided us with enough tools to deal with the new positive characteristic phenomenon.
Let us discuss how to treat the first issue: Let ρ : Y → X be a smooth resolution of singularities, i.e., Y is smooth and ρ is a birational morphism isomorphic over the smooth locus X sm . The pseudo-effectivity of c 2 means ρ * K X · c 2 (Y ) ≥ 0, which is a starting point in [Miy88] (clearly the intersection number does not depend on the choice of the smooth resolutions). As we mentioned, this kind of results may not hold in positive characteristics. Nevertheless, it was understood before that the failure of this type of inequalities will usually imply a special geometric structure on Y , e.g., a foliation by rational curves. Using this, we can indeed show the full abundance under the assumption that ρ * K X · c 2 (Y ) < 0.
Theorem 1.2 (=Theorem 2.1). Let X be a terminal projective minimal 3-fold over an algebraically closed field k of characteristic p ≥ 5. Let ρ : Y → X be a smooth resolution of singularities. Assume that ν(X, K X ) < 3 and ρ * K X · c 2 (Y ) < 0. Then κ(K X ) = 1 and K X is semiample.
We want to note that in the proof of Theorem 1.2, we do not need to run any minimal model program. This is the reason why we can treat the char k = 5 case.
More precisely, to prove Theorem 1.2, we start with the assumption ρ * K X · c 2 (Y ) < 0, which is equivalent to ∆(T Y ) · ρ * K X < 0 as
3 X = 0 since ρ is isomorphic outside isolated points on X. Using Bogomolov inequality [Lan04, Theorem 3.2], we immediately get that the tangent bundle T Y is not strongly semistable, and in our situation we can show that T Y is unstable. Therefore, we can use the results in [Lan15] to get a foliation F on Y , and a family of ρ * K X -trivial rational curves covering X, hence the nef dimension of K X satisfies n(X, K X ) ≤ 2. Under the assumption that n(X, K X ) ≤ 2, the nonvanishing is recently confirmed in [Wit17] in a more general setting. However, in our case, we can verify it by a straightforward argument: Consider the nef reduction map f : X Z, if n(X, K X ) = 2, then by the adjunction formula the generic fiber F of f has p a (F ) = 1, so the geometric fiberF must be smooth since char k ≥ 5 by [Zha17, Prop. 2.9] (or [PW17, Cor. 1.8]), which contradicts that the reduction of general fibers of f are rational curves; if n(X, K X ) = 1, then f is a morphism, and K X is the pull-back of an ample divisor on Z hence is semiample. Now let us discuss the proof of Theorem 1.1. By [Bir16, Xu15, Zha17] , it suffices to prove Theorem 1.1 for 0 ≤ ν(K X ) ≤ 2 and dim Pic 0 (X) = 0, and by Theorem 1.2 we can assume ρ * K X · c 2 (Y ) ≥ 0. In this case, we closely follow the ideas in characteristic 0 firstly developed in [Miy88] (see also [Kol92, Secion 9] ). However, the proof in [Miy88] used many ingredients from characteristic zero. Here we sketch our idea on how to find a positive characteristic replacement of Donaldson's theorem of stable vector bundles on smooth complex projective surfaces, and apply it to our proof:
To start, for separating Case (2) and (3) in the proof of [Kol92, Theorem 9.0.6], the finiteness of the local algebraic fundamental group for a klt singularity x ∈ X is needed in characteristic zero for [Kol92, Theorem 9.0.6, Case (3)]. We cannot prove this in full generality in characteristic p > 0 because of the possible wild ramifications. Nevertheless, the argument in [Xu14] implies that the tame fundamental group π loc,t 1 (x ∈ X) is always finite (see Theorem 3.4). Therefore, in positive characteristics, we separate the cases by considering whether the tame fundamental group π t 1 (X sm ) is finite. Then in the case similar to [Kol92, Theorem 9.0.6, Case (2)] in characteristic zero (i.e., when π t 1 (X sm ) is finite), we reduce to the case that π et 1 (X sm ) is a pro-p-group. We prove Theorem 3.6 (generalizing a result of [Lan12, Lemma 8.1] which itself is built on [EM10] ). This is precisely what we use to replace Donaldson's theorem on stable vector bundles on surfaces over C (see [Kol92, Page 113] ). Then we can mimic the characteristic zero argument by applying it to the sheaf E obtained by an extension induced by some element in H 2 (X, nK X ) * and show that E (up to some covers) is not strongly stable. Eventually, by considering the destablizing exact sequence of F e * X E, we construct sections of nK X . We note that the extension involved may get split after being pulled back by some absolute Frobenius iterations, so further arguments using the construction originally from [Eke88] (see [Kol96, Section II. 6]) are needed.
There are other smaller technical issues related to the differences between characteristic zero and characteristic p.
• For the case ν(K X ) = 1 and when X sm has an infinite tame fundamental group as in [Kol92, Proof of Theorem 9.0.6, Case (3)], to follow Miyaoka's proof, we still need to deal with the failure of Hodge symmetry. Instead we will use Hodge-Witt numbers and the symmetry of such numbers (cf. [Ill83, Section 6.3] and [Eke86] ).
• Since it is not known whether terminal singularities are Cohen-Macaulay (this is only proved in large characteristics by [HW17] ), dualizing complexes are used.
• For the case ν(K X ) = 2, though Kawamata-Viehweg vanishing may fail in positive characteristic, a weaker vanishing theorem for surfaces (see [Szp79, Lan09, Tan15a] ) is enough for our case.
Notation and conventions: we follow [KM98] and [HL10] for the standard terminologies.
Theorem 2.1. Let X be a minimal projective 3-fold over an algebraically closed field k with char k = p ≥ 5, and let ρ : Y → X be a smooth resolution of singularities. Assume that 0 < ν(X, K X ) < 3 and ρ * K X · c 2 (Y ) < 0. Then the Kodaira dimension κ(X, K X ) = 1 and K X is semiample.
Remark 2.2. Under the situation of Theorem 2.1, the case n(K X ) = 2 does not happen. This case is excluded at the end of the proof, using a property of the fibration of curves, which relies on the condition char k ≥ 5.
We also remind that, our arguments can prove abundance under the situation that T Y is not strongly semistable w.r.t. (D 1 , D 2 ) where D 1 , D 2 are introduced at the beginning of Sec. 2.4. This is a mildly stronger result than Theorem 2.1. Indeed, by Bogomolov inequality (Theorem 2.5), the condition ρ
2.1. Stabilities in positive characteristic. Let X be a smooth projective variety of dimension n over an algebraically closed field k with char k = p > 0, let D 1 , ..., D n−1 be nef R-Cartier divisors, and let E be a torsion free coherent sheaf on X. The slope of E with respect to (D 1 , ..., D n−1 ) is defined as
The sheaf E is semistable (resp. stable) w.r.t.
Denote by F : X ∼ = X 1 → X the Frobenius map. Recall that F * E has a canonical connection ∇ can :
which is determined by for a ∈ O X1 and e ∈ E, ∇ can : a ⊗ e → da ⊗ e, and it yields the Cartier equivalence of categories between the category of quasicoherent sheaves on X and the category of quasi-coherent O X1 -modules with integrable k-connections, whose p-curvature is zero (cf. [Kat70, Theorem 5.1]).
It is well known that in positive characteristic the stability is not preserved by the Frobenius pullback. We say that E is strongly semistable (resp. strongly stable) w.r.t. (D 1 , . .., D n−1 ) if for every integer e ≥ 0 the pullback F e * X E is semistable (resp. stable).
Let us recall some results on semistable sheaves in positive characteristic. Theorem 2.4. Let E be a semistable torsion-free sheaf such that F * E is unstable.
be the Harder-Narasimhan filtration. Then the canonical connection 
2.2. Numerical and nef dimension. Let X be a normal projective variety over an algebraically closed field k and let D be a nef divisor on X. The numerical dimension ν(D) is defined as
It is easy to see the definition does not depend on the choice of the ample divisor A.
By the main result of [BCE + 02] (see also [CTX15, Theorem 2.9]), if k is uncountable, then there exists a nonempty Zariski open set U ⊂ X and a proper morphism f : U → V , namely, the nef reduction map, such that D is numerically trivial on a very general fibre F of f , and for a very general point x ∈ U and C a curve containing x, we have that D · C = 0 if and only if C is contained in the fibre of f . The nef dimension of D is defined as n(D) = dim V .
2.3. 1-foliation. Let X be a smooth variety over an algebraically closed field k with char k = p > 0. Recall that a 1-foliation is a saturated subsheaf F ⊂ T X which is involutive (i.e., [F, F] ⊂ F) and p-closed (i.e., ξ p ∈ F, ∀ξ ∈ F). A 1-foliation F induces a finite purely inseparable morphism (cf. [Eke87] )
and if F is locally free then Y is smooth and
We can often get 1-foliations when the tangent bundle is unstable by using the following criterion.
Lemma 2.6. Let F be a saturated O X -submodule of T X . If By studying the purely inseparable morphisms induced from 1-foliations, one can prove bend-and-break type results for foliations.
C → X be a non-constant morphism from a smooth projective curve C such that X is smooth along f (C). Let F ⊆ T X be a 1-foliation, smooth along f (C). Assume that
Then for every x ∈ f (C) there is a rational curve B x ⊆ X passing through x such that
2.4. Proof of Theorem 2.1. Let H be an ample divisor on Y . We set the nef divisors
where A is an ample divisor on X. Then D 1 · D 2 is nontrivial. Denote by µ(G) the slope of a coherent sheaf G on Y with respect to (D 1 , D 2 ) and by µ (G) the slope with respect to (D 1 + H, D 2 + H). Before giving the proof let us recall some well-known facts:
• the Harder-Narasimhan filtration of a coherent sheaf with respect to (
• if a sheaf E is µ -semistable for sufficiently small > 0 then it is µ-semistable and µ(E) = lim →0 µ (E); and • for two torsion free sheave
Since K Y · D 1 · D 2 = 0 and the exceptional locus is contracted to those isolated singularities on X, it follows that
Lemma 2.8. We have T Y is not µ-semistable.
We argue by contradiction. Assume T Y is µ-semistable, and for some smallest
Applying Lemma 2.4, there exists a nontrivial O Y -module homomorphism
By the definition of G, it is semistable, thus we have
we get the same contradiction as above. Thus we may assume that
By µ (G 1 ) > µ (G 2 ), taking limit we get
Since rk G i = 1, the sheaves
For the remaining case, we assume G is semistable while Ω 
and this implies Hom
Let F ⊂ T Y be the maximal destablizing subsheaf, and let
Lemma 2.9. The subsheaf F ⊂ T Y yields a 1-foliation.
It follows that F is a foliation by Lemma 2.6. If rk F = 2, then rk G = rk ∧ 2 F = 1 and
Y F is also µ-semistable, then we are done. Now we may assume that F * Y F has a nontrivial Harder-Narasimhan filtration 0 → F 1 → F * Y F → F 2 → 0. Therefore, there exists a nonzero homomorphism
Lemma 2.10. The nef dimension
Proof. Suppose that A is sufficiently ample. Then for any sufficiently divisible m the divisor mK X + A is also very ample (see [Kee08]) on X. Take a smooth curve C m as the intersection of two general divisors in ρ * |mK X + A|. We can assume F is smooth along C m . Then
For m 0, by the construction of F, in either case ν(X, K X ) = 1 or 2 we have
In fact, when ν(X, K X ) = 1, the right hand side is a constant while the left hand side increases linearly with m; when ν(X, K X ) = 2, the right hand side is a linear term while the left hand side has a quadratic term in m.
Set L = ρ * r 0 K X where r 0 is the Cartier index of K X . Applying Theorem 2.7, for general y ∈ C m , there exists a rational curve B y such that
, the intersection number L · B y is a nonnegative integer less than one, hence L · B y = 0. As C m moves, we can find a family of µ * K X -trivial curves covering Y , which concludes that the nef dimension is at most 2.
Proof of Theorem 2.1. Since it suffices to show the result after a base field extension, we can assume k is uncountable. Consider the nef reduction map. If necessary, by blowing up Y we get a fibration f : Y → Z.
We first exclude the case that Z is a surface. Otherwise denote by F a general fiber of f . By the construction, F does not intersect with exceptional divisors over X. We have that
F is a smooth elliptic curve. However, by the construction in Step 3 the fiber F contains a rational curve as a component.
We
* K X is semiample, and the proof is completed.
Fundamental group and numerically flat vector bundles
To mimic the proof from characteristic zero, which uses the dual relation between the fundamental groups and the flat sheaves, we need to understand the corresponding picture in positive characteristics.
3.1. Local fundamental groups. In this section we will study the local fundamental groups of three dimensional klt singularities in characteristic p > 5. In general, the local algebraic fundamental groups are finite for all klt singularities in characteristic zero (cf. [Xu14, BGO17] ), and for strongly F -regular singularities (cf. [CRST16] ) in all dimensions. In our situation, since wild ramification may happen, using the strategy in [Xu14] , we can only prove that the local tame fundamental group is finite in the sense of Theorem 3.4.
. Let L/K be a finite separable extension of two fields, let v be a discrete valuation of K, and denote by A v the valuation ring, by k(v) the residue field and by Γ v the valuation group. We say L is tamely ramified over K w.r.t. v if for each extension w of v (1)p [Γ w : Γ v ]; and (2) the residue field extension k(w) is separable over k(v). Let π : X → X be a finite morphism between normal varieties and let D be a prime divisor on X. We say π is tamely ramified along D if the extension K(X )/K(X) is tame w.r.t. v D . Geometrically this means that for any divisor D ⊂ X over D ⊂ X, the branch degree along D is not divisible by p and the residue field extension
Let X be a smooth variety, let D be a simple normal crossing divisor, and denote by Rev D (X) the category of the Galois covers of X unramified over X \ D and tamely ramified along D. Corresponding to Rev D (X), one can define the tame fundamental group w.r.t. D, denoted by π
Lemma 3.2. Let π : X → X be a finite separable morphism between normal varieties over an algebraically closed field of characteristic p > 0. Let P be a codimension one point on X and D P the corresponding prime divisor. Let D be the reduced divisor supported on π −1 (D P ). We have As an immediate consequence we get the following result.
Corollary 3.3. Let π : X → X be a finite morphism between normal varieties over an algebraically closed field of characteristic p > 0. Assume that π is unramified over the smooth locus X sm . If X has at most terminal singularities, then X is terminal.
Proof. We apply the calculation from characteristic zero as in [KM98, 5.20 ]. Lemma 3.2 implies that on the covering X , the log discrepancy must be larger than or equal to the formula obtained in characteristic zero. In particular, if X is terminal, then X is terminal.
Theorem 3.4. Let (X, x) be a germ of a three dimensional algebraic klt singularity over an algebraically closed field k with char k = p > 5. If
is any sequence of finite coversétale over X \ {x} and tamely ramified around every divisor over x, then there exists some n 0 such that for all n > n 0 the covers η n are isomorphisms.
Proof. The proof follows closely to the argument in [Xu14] , but we replace the fundamental group in characteristic zero by the tame fundamental group, since the latter behaves similarly as theétale fundamental group in characteristic zero (see e.g. [GM71] )
By the standard construction of the Kollár component ([Xu14
is just the pull back of K E + Γ under the finite morphism γ i : E i → E. Since γ i is separable by Definition 3.1(2), Lemma 3.2 implies that (E i , Γ i ) is klt. Thus E i yields the unique irreducible f i -exceptional component and it is a Kollár component of (X i , ∆ i = π * i ∆). Then as in characteristic zero case, we get a sequence of separable morphisms between klt pairs 
is bounded from above, we conclude that for sufficiently big i and j > i, E j → E i is an isomorphism. We complete the argument as in [Xu14, p.413] . By the above discussion, we may fix i * as above such that for any j > i * , E j → E i * is isomorphic. Let γ be the generator of the tame fundamental group (
where P E i * is the generic point of E i * and O hs P E i * ,Y i * is the strict henselization of the local ring O P E i * ,Y i * . Denote by
the natural homomorphism. Since E j → E i * is an isomorphism for any j ≥ i * , we know Y j → Y i * is a totally ramified tame cover induced by π loc,t 1
. Therefore, it suffices to show that the image of γ in π loc,t 1 (x i * , X i * ) is a torsion, which we will verify in the next paragraph. In fact, to see this we can cut Y i * by a general hypersurface 
Numerically flat vector bundles.
A key tool used in the proof of nonvanishing in characteristic zero is Donaldson's theorem on the equivalence between flat bundles and semistable bundles with trivial Chern classes, which is a special case of Simpson's correspondence of stable sheaves. We note that in the proof in [Miy88] , only the case when the variety has a trivial fundamental group is needed. In this section, we recall the definition and basic results on numerically flat vector bundles. They form a neutral Tannaka category whose Tannaka dual is used to define the S-fundamental group scheme in [Lan11] . Using such a theory, part of Simpson's correspondence can be recovered in characteristic p (see [Lan11, Lan12] ). In particular, together with the arguments in [EM10], we can obtain a similar description of numerically flat vector bundles on a variety with the fundamental group being 'small', i.e., only consisting of the p-part. This is precisely Theorem 3.6, which plays an analogous role as Donaldson's Theorem in Miyaoka's proof. It is a generalization of [Lan12, Proposition 8.2], where the case π et 1 (X, x) = {1} is studied. For our purpose, we need to treat the case that π et 1 (X, x) is a pro-p-group. Definition 3.5. Let X be a smooth projective variety over an algebraically closed field k of characteristic p > 0. A vector bundle E on X is said to be numerically flat if both E and its dual E * are nef.
There are several other equivalent characterizations of numerically flat sheaves (see [Lan12, Theorem 2.2]). For example, E is numerically flat if and only if E is a strongly H-semistable torsion free sheaf for some (hence for all) ample divisor H and c i (E) = 0 for every i ∈ Z. Theorem 3.6. Let X be a smooth projective variety over an algebraically closed field k of characteristic p > 0 and x ∈ X a closed point. Assume that π et 1 (X, x) is a pro-p-group. If E is a numerically flat vector bundle of rank r on X, then there exists an integer e > 0 and anétale cover π :
Proof. First we prove the following lemma, which says that torsion points in the moduli space of stable sheaves M r ([EM10, Definition 3.12]) correspond to exactly O X .
Lemma 3.7. If E is a stable vector bundle on X as in Theorem 3.6 and there exists some e > 0 such that F e * E ∼ = E , then E ∼ = O X .
Proof. Applying Lange-Stuhler's theorem [LS77, Satz 1.4], there exists a Galoiś etale cover η : Z → X trivializing E , i.e., η
Since G is a p-group and char k = p, we have the following two immediate facts: (1) for g ∈ G, every eigenvalue of the action of g on V is equal to 1, thus the g-invariant subspace V g has rank > 0; (2) the center H G is a nontrivial p-group, and for every h ∈ H the h-invariant subspace V h is G-equi-invariant, i.e., gV h ⊆ V h , thus there exists a natural action of the quotient group G/ < h > on V h . By induction on the order of G we can conclude that rk V G > 0. From this we see that E contains a subsheaf E 0 ∼ = O X . Therefore, if E is stable then E ∼ = O X as µ(E ) = 0. Granted the above lemma, then we can show the following lemma by an application of the proof of [EM10, Theorem 3.15] (see also [Lan12, Lemma 8.1]). We copy them here for readers' convenience.
Lemma 3.8. If E is a strongly stable numerically flat vector bundle on X as above, then there exists e > 0 such that F e * E ∼ = O X .
Proof. By assumption all vector bundles E n = (F * E is a torsion point of M r . Since π et 1 (X, x) is a pro-p-group, we can apply Lemma 3.7 to show that E e = O X .
Hence we can assume that N has dimension at least one. Note that the set N of irreducible components of N of dimension greater than or equal to 1 is Verschiebung divisible (see [EM10, Definition 3.6]), because V | N is defined at points E n for n ≥ 1. Let N S be a good model of N , then the torsion points of N S are dense in N S by [EM10, Theorem 3.14]. Since the specialization morphism of theétale fundamental groups π et 1 (X) → π et 1 (X s × SFp ) is surjective for closed s ∈ S (see [Gro03, Chapter X Theorem 3.8], the latter is also a pro-p-group, which implies that the torsion points correspond to the trivial bundle by Lemma 3.7. Therefore, the trivial bundle is dense in N , which is a contradiction.
Recall the following well known result which in fact holds for general projective normal varieties. 
X E has all the graded pieces being strongly stable (cf. [Lan04, Theorem 2.7]), and so they satisfy that E i /E i−1 ∼ = O X by Lemma 3.8.
By induction, applying Lemma 3.9 we can get anétale cover π :
Nonvanishing
In this section we aim to prove nonvanishing Theorem 1.1. Abundance has been proved when
We only need to prove Theorem 4.1. Let X be a terminal projective minimal 3-fold over an algebraically closed field k of characteristic p > 5. Let ρ : Y → X be a smooth resolution of singularities. Assume that dim Pic
Here we note that dim Pic Theorem 4.2. Let X be a normal projective variety. Then the reduction Pic 0 (X) red of Pic 0 (X) is an abelian variety, and
Proof. See e.g. [Fan05, Remark 9.5.15, 9.5.25].
Kawamata-Viehweg vanishing does not hold in positive characteristic, instead we will use a weaker vanishing on surfaces. ( In the proof we come up with a non-split extension but whose pull-back via some absolute Frobenius iterations gets split. To treat this phenomenon, the idea is to use Ekedahl's construction of torsors.
Theorem 4.5. Let L be a line bundle on a smooth projective variety X. Elements of the kernel of the Frobenius action
give rise to α L -torsors. Furthermore, the torsor arising from any non-trivial element of the kernel is non-trivial, that is a purely inseparable cover π : X → X of degree p, and
Proof. The construction is due to Ekedahl [Eke88] . See [Kol96, Sec.II.6] for more details.
Corollary 4.6. Let X be a smooth projective variety of dimension d, L a line bundle on X such that the kernel of F * ) is nontrivial, M a nef Cartier divisor and H an ample divisor on X. If
Proof. Let X be the variety induced by a nonzero element of the kernel of F * X : H 1 (X, L) → H 1 (X, pL) as in Theorem 4.5. Denote by Z → X the normalization of X and by π : Z → X the natural composition morphism. There exists an effective divisor ∆ on Z, which arises from the conductor of the normalization Z → X , such that
For general z ∈ Z, there exists a curve C arising from the intersections of d − 1 divisors in |kπ * H|, such that z ∈ C and that Z is smooth along C. Applying bend-and-break [Kol96, II Theorem 5.8], there exists a rational curve Γ z passing through z such that
where the ratio being smaller than 1 is from the assumption. Since M is Cartier the intersection number π * M ·Γ z = 0. We conclude that the nef dimension n(M ) ≤ d − 1.
In the same spirit, one can show the following vanishing result.
Corollary 4.7. Let X be a smooth projective variety and L an ample line bundle on X. If for every curve C the inequality
Proof. This follows from [Kol96, II. Theorem 6.2].
The hard Lefschetz theorem will be used to construct global sections of a line bundle by considering its restriction on a sufficiently ample divisor.
Theorem 4.8. Let X be a projective normal variety of dimension d ≥ 3. Let H be a smooth ample divisor contained in the smooth locus X sm of X such that,
Proof. This is [Gro05, XII, Corollary 3.6].
We will need the following simple vanishing of H 1 (E ⊗ L −1 ) for a reflexive sheaf E and a sufficiently ample line bundle L.
Lemma 4.9. Let X be a projective normal variety of dimension with dim X ≥ 2. Let E be a torsion free reflexive sheaf and H a very ample Cartier divisor on X. Then H 1 (X, E(−nH)) = 0 for n 0.
Proof. This is well known when E is a vector bundle, see [Har77, III 7.8]. For a general torsion free reflexive sheaf E on a normal projective variety, we know that there exists an exact sequence
where V 1 and V 2 are vector bundles. Then we conclude by a simple diagram chase.
4.2.
Proof of Theorem 4.1. In this section, we aim to finish proving Theorem 4.1. We can assume the smooth resolution ρ : Y → X is isomorphic over X sm and
Since dim Pic 0 (X) = 0 and h
We only need to consider the case h 0 (X, ω X ) = 0, thus we can assume χ(O X ) > 0.
Lemma 4.10. For any integer n > 0 divisible by the Cartier index r 0 of K X ,
Proof. Applying Riemann-Roch formula, we have
For i > 0, the sheaves R i ρ * O Y are supported at the union of those isolated irrational singularities on X. By
we conclude that
If ν(X, K X ) = 0, then K X ≡ 0, and since dim Pic 0 (X) = 0, it follows that K X ∼ Q 0. Thus following the proof of [Kol92, Theorem 9.0.6], we shall divide the argument into three cases.
Let H be a smooth ample divisor on X contained in the smooth locus X sm of X. The exact sequence below
induces a cohomological long exact sequence by taking cohomology
Since K X is nef, applying Fujita vanishing (see [Kee03] or [Laz04, 1.4.35-36]) we can assume H is ample enough so that for any n > 0 divisible by r 0 ,
Note that K X | H is a nef big Cartier divisor. Applying Theorem 4.3 for n 0 0 divisible by r 0
Therefore H 2 (O X (n 0 K X )) = 0, and in turn we have
This finishes the proof of Case (1).
Remark 4.11. In the following we will focus on the case ν(K X ) = 1. As before, we can assume h 2 (O X (nK X )) > 0. We will split the case by considering whether π Case (2): ν(X) = 1 and the tame fundamental group π t 1 (X sm ) is finite.
By our assumption, we can take a finite cover π : X 1 → Xétale over X sm such that π ) is a pro-p-group. Then π * K X = K X1 , and by Corollary 3.3 X 1 also has terminal singularities, thus κ(X 1 ) = κ(X).
If dim Pic
0 (X 1 ) = 0 then we have been done by [Zha17] . We can replace X with X 1 , and assume that π To start, we fix a smooth ample divisor H contained in X sm . Since K X is nef, by Fujita vanishing ([Kee03] or [Laz04, 1.4.35-36]) we can assume H is ample enough that H i (X, mK X + H) = 0 for i > 0 and every integer m > 0 divisible by r 0 . We fix an integer n divisible by r 0 and such that
Denote by ω • X the dualizing complex. Applying Grothendieck duality, we get Ext
Take a nonzero element α ∈ Ext
Then α corresponds to a non-split triangle
. Taking the 0 th cohomology gives the extension
where T is a closed subscheme of X supported at the union of those singularities of X and I T is its ideal sheaf.
Lemma 4.12. The restriction of ( * ) on H
gives the exact sequence
Applying Grothendieck duality, by the construction of H we have that for i = 1, 2
In turn we conclude the restriction map r H is an isomorphism.
We need the following weak version of Theorem 3.6 for X which is not necessarily smooth.
Lemma 4.13. There exists a finite cover η : Z → Xétale over X sm such that η * E is not strongly η * H-stable.
Proof. We may assume that E is strongly H-stable. Since K
X E) · H = 0. Take a smooth divisor A ∈ |kH| contained in X sm . Applying [Lan04, Theorem 5.2], we can fix a sufficiently large k (independent of e) such that F e * X E| A is stable, hence the restriction F = E| A is strongly H-stable. We note that [Lan04, Theorem 5.2] holds in the smooth setting, but in our case X has isolated singularities, so we can verify the assertion on a smooth resolution, as the reflexive hull of the pull back of E is strongly stable with respect to the pull back of H. 
It follows that dim Hom
, the cover η A : A → A extends to a finite cover η : Z → X etale over X sm , where Z is assumed to be normal. We will show that η * E is not strongly η * H-stable. Since stable sheaves do not admit nontrivial endomorphisms, it suffices to prove that the sheafG
We fix an integer m such that m(p − 2)H − K X is ample, and at the beginning we can choose k > m + 4, then We can show the restriction map
is surjective. By induction on l, we conclude h 0 (G e | lA ) ≥ 4 for every l. Consider the exact sequence 0 →G e (−lA ) →G e →G e | lA → 0.
Then for a sufficiently large l, Lemma 4.9 tells that H 1 (Z,G e (−lA )) = 0. In turn we conclude that dim H 0 (Z,G e ) ≥ 4.
Denote the pull back H = η −1 (H) and η H : H → H. We claim that the pull-back of the extension (2) via
does not split. For this we only need to show that the pull-back homomorphism
the map γ fits into the following exact sequence
which is induced by tensoring O((1 − n)K X ) with the natural exact sequence
and taking the cohomology. To show the injectivity of γ, we only need to prove the vanishing [Har77, III.9 .3], and thus F e * H C ∼ = C. Since C is torsion free and ν(H, K X | H ) = 1, if e 0 then
We can conclude H 0 (H, C ⊗ O H ((1 − n)K X )) = 0 since the map below is injective
Let us proceed with the proof. In the following we will replace X, H with Z, H introduced in the lemma above, and replace the extension ( * ) with its pull-back via η. We note that the inequality (1) still holds on Z and H .
By Lemma 4.13, we may assume that F e * X E is not H-stable for some e > 0. There exists an exact sequence 0 → A → F e * X E → B → 0 µ-destabilizing F e * X E. We may write that
where A, B are Weil divisors on X. Then we get nonzero homomorphisms η 1 : O X (A) → O X (p e nK X ) and η 2 : O X (p e K X ) → O X (B).
In particular both p e nK X −A and B−p e K X are linearly equivalent to some effective divisors.
Lemma 4.14. Let S be a smooth ample divisor on X contained in X sm . Then we have Q · A| S = Q · K X | S in NS(S) ⊗ Q.
Proof. This follows from the same argument as in [Kol92, . For readers' convenience, we give all the details. Put 
If dim Pic
0 (S) > 0, we can always find an l( = p)-torsion in Pic(S), which will induces a Z/(l) quotient of π et 1 (S). Thus it follows from that π et 1 (S) is a pro-pgroup, Pic 0 (S) is of dimension zero. We can assume S is sufficiently ample to satisfy Lefschetz Hyperplane Theorem 4.8 Pic(X) → Pic(S), indeed by (p − 1)nS − K S = (p − 1)nS − (K X + S)| S = (((p − 1)n − 1)S − K X )| S , for n > 0 if S is sufficiently ample then H 1 (S, −nS| S ) = 0 by Corollary 4.7. From Lemma 4.14 we conclude that there exist positive integers n 1 , n 2 such that n 1 A ∼ n 2 K X . The inclusion η 1 : O X (A) → O X (p e nK X ) induces another inclusion O X (n 1 A) ∼ = O X (n 2 K X ) → O X (n 1 p e nK X ).
We obtain that H 0 (X, (n 1 p e n − n 2 )K X ) = 0.
If the pull-back of the extension (2) 0 → F is not an isomorphism, thus n 1 p e n − n 2 = 0. The theorem follows easily.
The above argument applies for every smooth divisor of |H| contained in X sm . The remaining case follows from the lemma below.
Lemma 4.15. We assume for some
and general smooth divisors in |H|, the extension (4) splits. Then K X is semiample.
Proof. We have a minimal natural number 1 ≤ a ≤ e such that the class
then by our assumption on n, we know
Applying Corollary 4.6 shows n(H, K X | H ) ≤ 1. As this holds for general members in |H|, we conclude n(X, K X ) ≤ 2, and then we can proceed to prove the claim by the same argument as in Theorem 2.1.
Case (3): ν(X) = 1 and π t 1 (X sm ) is infinite.
By assumption we have an infinite tower of nontrivial quasi-étale Galois covers · · · → X n → X n−1 → · · · → X 1 → X 0 = X, which are all tamely ramified over X sm . By Theorem 3.4, there exists n 0 such that for n > n 0 , the covers X n+1 → X n are allétale. Therefore, we can assume the resolutions Y n+1 → Y n are also finiteétale for n > n 0 . Similarly as in the previous case, we have that X n has terminal singularities and κ(X) = κ(X n ), and if dim Pic 0 (X n ) = 0 then we have been done by [Zha17] . So we can replace X with X n , and always assume dim Pic 
